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Abstract. The goal of this study was to present an analytical equation for 

the instantaneous electrical impedance Z(t) of the electrode for the case when it 

is used with pulsed current of similar values with those used for clinical 

applications. Z(t) increases with time t being proportional with t
0.9

. It decreases 

with increasing voltage U, increasing current I and decreasing resistivity ρ. We 

propose an equation for Z(t) for different values of I and ρ (ZI,ρ(t)). This equation 

is used to calculate the patient-specific parameters of interest, i.e., the voltage 

necessary to inject a certain current, the delivered charge, the electrical 

efficiency of the electrode, etc., as function of time for specific conditions. For 

the same applied voltage, the delivered charge and the electrical efficiency are 

little higher for monopolar configuration than for bipolar configuration but the 

difference decreases as ρ increases. 
 

Keywords: deep brain stimulation; instantaneous electrical impedance; 

pulsed current. 
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1. Introduction 

 

Over the last two decades deep brain stimulation (DBS) has evolved from 

an experimental technology to a well-established surgical therapy for numerous 

disorders (Miocinovic et al., 2013; Shah et al., 2010; Hariz et al., 2013). Present 

day implantable pulse generator (IPG) units and external trial stimulators for DBS 

applications deliver biphasic, charge-balanced pulse-pair trains as advocated by 

Lilly nearly a half century ago (Lilly, 1961). The maximum amplitude and pulse 

width of IPG unit are 10.5 V and 450 ms. The Medtronic 3387 DBS electrode is 

used with pulsed voltage or pulsed current, in the range of 1-8 V (0.1–2 mA), 

60–180 μs pulse width, and 100–185 pulses per second (Coffey, 2008). Optimal 

selection of stimulation parameters remains a challenge. 

An accurate description of the DBS electrode impedance is important 

for in vivo applications (i.e. stimulation, electrode-tissue interface 

characterization, brain tissue characterization, the formation of the 

encapsulation layer, field potential recording, etc.) and for the development of 

computational models of neural recording and stimulation that aim to improve 

the understanding of neuro–electric interfaces and electrode design.  

There is little information about the Medtronic 3387 DBS electrode 

impedance characterization with pulsed signal (Wei and Grill, 2009) or with 

pulsed signal of clinical relevance (Holsheimer et al., 2009). We don't have an 

analytical equation for the electrode impedance as function of time, current or 

voltage and saline resistivity. Detailed characterization of the impedance of the 

electrode is required for the accurate calculation of the current passing through 

the tissue and the charge delivered to the brain for given stimulation conditions. 

This may facilitate the selection of optimal stimulation parameters. The average 

value of the impedance reported for patients was 1200 Ω (range: 415–1999 Ω) 

(Coffey, 2008). As a safety feature, the programming device calculates the charge 

density based on a conservative impedance value of 500 Ω. No distinction is 

made between the electrical impedance of the brain tissue, as part of the electrode 

impedance, and the total impedance of the electrode which include as well the 

impedance of the connecting leads and of the metal-tissue interface. Consequently 

the voltage applied on the tissue is significantly lower than the voltage applied on 

the DBS electrode. The experimental measurements show that the electrode 

impedance is time, voltage, current and saline concentration (electrical resistivity) 

dependent (Wei and Grill, 2009; Lempka et al., 2009). Consequently it is 

opportune to find an analytical equation for the instantaneous impedance of the 

DBS electrode as function of the above parameters. 

The goal of this study was to present a simple quantitative analytical 

model for the electrical impedance of the Medtronic 3387 DBS electrode using 

pulsed current of similar values with those used for in vivo applications. An 

analytical equation for the electrode impedance as function of time, current and 

saline resistivity is given. 

http://www.ncbi.nlm.nih.gov/pubmed?term=Miocinovic%20S%5BAuthor%5D&cauthor=true&cauthor_uid=23407652
http://www.ncbi.nlm.nih.gov/pubmed?term=Shah%20RS%5BAuthor%5D&cauthor=true&cauthor_uid=21264197
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2. Methods 

 

The impedance properties for two adjacent contacts (bipolar 

configuration) of the Medtronic 3387 DBS electrode showed in Fig. 1a were 

measured. Two contacts were specifically used to make available two metal-

saline interfaces. Thus the contribution of the impedance of the two interfaces 

was relevant by comparison to other contributions (e.g., saline impedance and 

the coupling capacitance between the leads).  

 

a
E0E1E2E3Wires, about 40 

cm long Four cylindrical electrodes 
E0 to E3, 1.5 mm long each

Wires 
connector 1.27 mm 

diameter

Three insulating rings
1.5 mm long each  

saline

Rl /2

Rs (ρ)

2RF(I,U,ρ)

Cdl(I,U,ρ,t)/2V(t)

I(t)
Cle

b

Rl /2  
 

Fig. 1 ‒ (a) The Medtronic 3387 electrode for deep brain stimulation; (b) The equivalent 

circuits of the DBS electrode for the case of bipolar configuration.   

 
Measurements were performed in a tank filled with 2 l saline, placed in 

a Faraday cage, of different concentrations (1-9 NaCl gl
-1

, electrical resistivity ρ 

from 5.025 to 0.625 Ωm) at 23ºC. The voltage transients generated by applying 

clinically relevant positive pulse currents (200 μs width and 20 ms repetition 

period, if not otherwise specified) were measured at 7 current amplitudes from 

0.15 mA to 2 mA. The experimental setup was similar with that used in 

literature (Holsheimer et al., 2009). The voltages were measured using a 

double-beam digital oscilloscope Agilent DSOX4022A, sample interval 0.1 μs, 

and transferred to a computer for storage and analysis. The measurements were 

replicated six times at 4 min time interval, if not otherwise stated, at each 

amplitude level and the average data are presented. The instantaneous 

impedance Z(I,ρ,t) was calculated as the ratio between the instantaneous voltage 

and the instantaneous current. 

The saline impedance Rs was previously approximated (Holsheimer et 

al., 2009) with the asymptotic impedance of the DBS electrode for pulse width 

≈ 0 s or as the asymptotic high frequency impedance (Wei and Grill, 2009) (the 

metal-electrolyte impedance was modeled as a parallel RC circuit). To 

discriminate between metal-electrolyte impedance and bulk (saline) impedance, 

we calculated Rs and the geometry factor (GF) using simulations. For bipolar 

configuration a 2D axisymmetric finite element models of the DBS electrode 

and its surrounding medium were created.  
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2.1. Data Analysis 

 

The series RC equivalent is at the heart of the behavior of an electrode-

electrolyte interface. This equivalent does not account for the very-low-

frequency behavior of the interface (Geddes, 1997). Various equivalent circuits 

have been suggested in an effort to better reproduce the electrode-saline 

interface response (Geddes, 1997; Schwan, 1968; de Boer, 1978). We will use a 

simple electrical circuit presented in Fig. 1b and will show that for the 

experimental conditions of interest for clinical use of the DBS electrode, the 

experimental data can be analyzed using this model. The coupling capacitance 

Cle between the metallic leads running from the DBS electrode connector to the 

cylindrical contacts will be neglected. We assume that the two metal-saline 

interfaces have the same characteristics and the equivalent circuit reduces to 

(Rl + RS(ρ)+2RF(U,I,ρ)) in series with Cdl(U,I,ρ,t)/2, where Rl is the resistance 

determined by the length of the metallic leads between the DBS electrode 

connector and the cylindrical contacts, RS(ρ)the resistance of the saline, 

RF(U,I,ρ) the faradaic resistance at metal-saline interface, and Cdl(U,I,ρ,t) a 

time-dependent double layer capacitance at metal-saline interface. If U(t) is the 

applied voltage and I(t) is the current passing through the circuit, we have: 

 

𝑈 𝑡 = 𝐼(𝑡)(𝑅𝑙 + 𝑅𝑠(𝜌) + 2𝑅𝐹(𝐼, 𝜌)) +
2 𝑄(𝑡)

𝐶𝑑𝑙 (𝐼,𝜌 ,𝑡)
                    (1) 

 

where Q(t) is the electric charge on the double layer capacitance at interface: 

 

                        𝑄 𝑡 =  𝐼 𝑡 𝑑𝑡
𝑡

0
                                               (2) 

 

For a constant-current stimulation Eq. (2) reads: 

𝑄 𝑡 = 𝐼𝑡                                                   (3) 

From Eq. (1) it results: 

𝑈 𝑡 = 𝐼(𝑅𝑙 + 𝑅𝑠(𝜌) + 2𝑅𝐹(𝐼, 𝜌)) +
2 𝐼𝑡

𝐶𝑑𝑙 (𝐼,𝜌 ,𝑡)
                             (4) 

 

We will assume that for short time the double layer capacitance increases with 

time as: 

                         𝐶𝑑𝑙  𝑡 =  𝐶𝑑𝑙0𝑡
𝑚                                            (5) 

where Cdl0, units Fs
-m

, was a measure of the double layer capacitance at 1 

second and m was a measure of the deviation from pure capacitive (m = 0) 

behavior. It results: 
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𝑈 𝑡 = 𝐼(𝑅𝑙 + 𝑅𝑠(𝜌) + 2𝑅𝐹(𝐼, 𝜌) +  
2 𝑡1−𝑚

𝐶𝑑𝑙 0(𝐼,𝜌)
)                         (6) 

 

and the instantaneous impedance of the DBS electrode is: 

 

𝑍 𝐼, ρ, t = 𝑅𝑙 + 𝑅𝑠(𝜌) + 2𝑅𝐹(𝐼, 𝜌) +  
2 𝑡1−𝑚

 𝐶𝑑𝑙 0(𝐼,𝜌)
                        (7) 

The experimental data obtained for values of 𝐼, 𝜌 and 𝑡 relevant for 

clinical applications of the DBS electrode are very well described if m = 0.1. 

The validity of Eq. (7) for m = 0 was verified by carrying out measurements on 

a lamped impedance network built from a resistors and a capacitor in series 

whose value has been (separately) determined by an impedance analyzer 

(Agilent 4294A). By fitting the experimental data to Eq. (7) the values for R and 

C were determined with errors below 0.3%.  

 
3. Results 

 

The resistance Rl of the 2×40 cm long metallic leads was measured 

with the contacts E1 and E2 short-circuited. It was 86.4 ± 0.3 Ω (mean value 

and standard deviation (SD)), comparable with the results from literature 

(Wei and Grill, 2009; Holsheimer et al., 2009). Rs of the saline involving 

contacts E1 and E2 was calculated using simulations. The result for 0.9% NaCl 

was Rs = 108 ± 3 Ω (mean value and SD for 13 simulation at different 

constant currents from 0.15 mA to 2 mA. This value is higher than the 

asymptotic value of ≈ 88 Ω reported for pulse width ≈ 0 s  (Holsheimer et al., 

2009). It is lower that the value (mean ± SD = 133 ± 7 Ω) estimated from the 

voltage transient responses to symmetrical biphasic square current pulses 

(Wei and Grill, 2009). From simulations for different electrical resistivity ρ 

from 0.625 to 10 Ωm, the geometry factor of the DBS electrode for bipolar 

configuration was calculated as: 

 

𝐺𝐹 =
𝜌

𝑅𝑠
                                                        (8) 

 

The value was GF = (0.0058 ± 0.0001) m, in good agreement with the 

value reported in literature (Vinter et al., 2009). In the case of monopolar 

stimulation, the IPG placed in the chest is used as reference electrode. The 

geometry of the connection between the head and neck, the geometry of the 

neck and of the connection between the neck and chest is complex and it 

consists of materials with very different electrical resistivity. For this reason we 

did not made simulations for the case of monopolar configuration and we used 
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data from AC measurements (Neagu and Neagu, 2016). The geometry factor for 

monopolar configuration was estimated as GFm = 0.0049 m.  

 
3.1. Constant-Current Stimulation 

 

Fig. 2 shows the instantaneous impedance for the DBS electrode as 

function of time for the case of stimulation with constant-current of 0.15, 1.2 and 

2 mA in 0.9% saline solution. The impedance decreases as the current increases. 

The experimental data have been fitted to Eq. (7) to determine RF(I) and Cdl0(I). 

The fitting curves are showed by lines superimposed on the symbols in Fig. 2. 
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Table 1 

The Values Obtained for RF(I) and Cdl0(I) by Fitting the Experimental Data for a  

Saline Resistivity ρ = 0.625 Ωm (0.9% NaCl) and Different Stimulating 

 Currents to Eq. (7) with m = 0.1 

Current, [mA]  0.15 0.34 0.68 0.9 1.2 2 

RF, [Ω] 21.4 20.4 19.7 18.8 17.3 12.9 

Cdl0, [μFs
-m

] 5.06 5.12 5.26 5.41 5.56 5.68 

 

The fitting is very good, indicating that the theoretical model is 

appropriate. In fact, for a parallel circuit and t ≈ 0 s RF is shunted by Cdl and the 

impedance will be Z(0) = Rs + Rl = 194.4 Ω. This value is lower than the 

experimental values in Fig. 2 indicating that the experimental data are not well 

described by a parallel equivalent circuit. Because we know Rs from simulation 

it results that the series circuit is appropriate to describe the experimental data. 

Fig. 2 ‒ The instantaneous 

impedance as function of time The 

data have been fitted to Eq. (7) to 

determine RF(I) and Cdl0(I). The 

fitting curves are showed by lines 

superimposed on the symbols. 

Fig. 3 ‒ The instantaneous impedance as 

function of time for the DBS electrode in 

saline with different resistivity. The data 

have been fitted to Eq. (7) to determine 

 RF(ρ) and Cdl0(ρ). 
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The parameter values are presented in Table 1. As the current increases, 

RF decreases and Cdl0 increases in good agreement with data in literature (Wei 

and Grill, 2009; Schwan, 1968; Weinman and Mahler, 2010).  

Fig. 3 shows the instantaneous impedance as function of time for the 

DBS electrode in saline with different resistivity of 2.631, 1.086, 0.793 and 

0.625 Ωm, i.e., for NaCl concentration of 2, 5, 7 and 9 gl
-1

 respectively. The 

data are for a current of 0.9 mA. As the saline resistivity decreases the 

impedance decreases. Rs(ρ) was determined using Eq. (8). The experimental 

data have been fitted to Eq. (7) to determine RF(ρ) and Cdl0(ρ). The fitting curves 

are showed by lines superimposed on the symbols in Fig 3. The fitting is very 

good, indicating that the theoretical model is appropriate. Parameter values are 

presented in Table 2.  

 
Table 2 

The Values Obtained for RF(ρ) and Cdl0(ρ) by Fitting the Experimental Data for 

 I = 0.9 mA and Different Saline Resistivity to Eq. (7) with m = 0.1 

Resistivity, [Ωm] 5.025 2.631 1.821 1.086 0.793 0.625 

RF, [Ω] 60 44 32.9 23.3 21 17.8 

Cdl0, [μFs
-m

] 0.82 1.31 2.29 3.01 4.85 5.59 

 

As the saline resistivity decreases RF(ρ) decreases and Cdl0(ρ) increases, 

as expected. 

 

4. Discussion 

 

Data in Tables 1 to 2 will be used to obtain an analytical equation for 

the instantaneous impedance of the DBS electrode for experimental conditions 

of interest for clinical applications. This means that we will deduce an analytical 

equation of the instantaneous impedance ZI,ρ(t) for different values of the 

stimulation current and the electrical resistivity of the medium. Consequently, 

knowing I and ρ, the instantaneous impedance or other quantities related with it 

(e.g., electrical charge delivered for certain conditions, the current injected, etc.) 

can be calculated.  

 
4.1. Analytical Equation for the 

 Instantaneous Impedance 

 

Eq. (7) shows that in order to get an analytical equation for the 

instantaneous impedance we need to estimate RF(I,ρ) and Cdl0(I,ρ). The 

variables I and ρ are independent variables. Taylor series is a representation of a 

function as an infinite sum of terms that are calculated from the values of the 

function's derivatives at a single point. We will expand f(x,y) (e.g., RF(x,y) or 

Cdl0(x,y) were x is I and y is ρ), in Taylor series around a point (𝑥0 , 𝑦0). Because 
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the variation range of RF and Cdl0 with I and ρ is low, the series will be truncated 

after the second term: 

 

𝑓 𝑥, 𝑦 ≈ 𝑓 𝑥0 , 𝑦0 +  𝑥 − 𝑥0 𝑓𝑥 𝑥0 ,𝑦0 +  𝑦 − 𝑦0 𝑓𝑦 𝑥0,𝑦0 + ⋯+         (9) 

where  fx and fy denote the respective partial derivatives. Data in Tables 1 and 2 

will be used to obtain f(x0,y0) and the partial derivatives as function of I and ρ. 

By fitting the data in Table 1, first row, with a line RF(I)= a – sI, we 

obtain a = (22.6 ± 0.5) Ω and s = (4623 ± 401) ΩA
-1

. By fitting the data in 

Table 2, first row, with a line it results RF(ρ) = a + sρ with a = (14.8 ±2.1) Ω 

and s = (9.6 ± 0.8) m
-1

. We will choose 𝑥 = 𝐼, 𝑦 = 𝜌, 𝑥0 = 𝐼0 = 9 × 10−4A 

and 𝑦0 = 𝜌0 = 0.625 Ωm. RF(I0,ρ0) = (18.8 + 17.8)/2 = 18.3 Ωm and we get: 

𝑅𝐹 𝐼, 𝜌 ≅ 18.3 +  𝐼 − 0.0009  −4623 +  𝜌 − 0.625 9.6 +∙∙∙ +          (10) 

Similarly, from data in Table 1, second row, we have Cdl0(I) = a + sI, 

with a = (5.05 ± 0.06)×10
-6 

Fs
-0.1

 and s = (3.4 ± 0.4)×10
-6 

Fs
-0.1

A
-1

. 

Electrochemical impedance measurements show that specific capacitance 

values for bright Pt are typically in the range of 10–30 µFcm
-2

 (Franks, 2005; 

Morgan et al., 2007). Assuming that I is very low, as in the case of 

electrochemical impedance measurements, and t = 100 µs, from Eq. (5) we get 

for the specific capacitance 33.5 µFcm
-2

 (the geometrical area of a cylindrical 

contact is 0.06 cm
-2

) in good agreement with data in literature (Franks, 2005; 

Morgan et al., 2007).  

The variation of Cdl0 with ρ is nonlinear and can be described assuming 

Cdl0(ρ)=bρ
c 
with b and c constants. By fitting the data in Table 2, second row, 

we obtain Cdl0(ρ) = 3.65×10
-6

ρ
-0.95

. The standard error of b and c is lower than 

10%. We will choose 𝐼0 = 9 × 10−4A and 𝜌0 = 0.625 Ωm. Cdl0(I0,ρ0) = (5.41 + 

5.59) ×10
-6

/2 = 5.5×10
-6 

Fs
-0.1

 and we get: 

𝐶𝑑𝑙𝑜  𝐼, 𝜌  ≅  5.5 × 10−6 +  𝐼 − 0.0009 3.7 × 10−4 + 

+ 𝜌 − 0.625  −3.47 × 10−6𝜌−1.95 +∙∙∙ +.                                (11) 

 

It results: 

               𝑍𝐼𝜌 𝑡 = 𝑅𝑙 +
𝜌

𝐺𝐹
+ 2𝑅𝐹 𝐼, 𝜌 + 2

𝑡0.9

𝐶𝑑𝑙 0(𝐼,𝜌)
                   (12) 

 
where RF(I,ρ) is given by Eq. (10) and Cdl0(I,ρ) is given by Eq. (11). Eq. (12) 

allows us to calculate the instantaneous impedance for different I and different 

ρ. Fig. 4 shows the impedance at t = 50 µs for I in the range of 0.1- 4 mA and ρ 

in the range of 0.4-10 Ωm. ZIρ(5×10
-5

) varies in the range 200 to 2100 Ω. This 

interval is a little larger than the interval reported for patients (range: 415–1999 Ω) 
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Fig. 4 ‒ The calculated impedance at t = 50 µs for I in the range of 0.1- 4 mA  

and ρ in the range of 0.4-10 Ωm. 

 

(Coffey, 2008) because the ranges for the two parameters I and ρ are larger. It is 

known that the safety limit of the charge density is below 30 μCcm
-2

/ph 

(Coffey, 2008). For a pulse width of 100 µs the maximum safety current is 

18 mA. Eq. (12) allows us to calculate the necessary voltage to inject a certain 

current for different ρ. The result for t = 100 µs is showed in Fig. 5 for bipolar 

configuration. The injected current is higher than the maximum safety limit of 

18 mA only if ρ is low and U is high. 
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Fig. 5 ‒ The necessary voltage to inject a certain current for different ρ and t = 100 µs. 

 

4.2. Electrical Efficiency of the DBS Electrode 

 

We propose that the electrical (energy) efficiency of the electrode 

during the stimulation process can be characterized by the ratio between the 

voltage drop on the saline and the voltage Uap applied on the DBS electrode.  

The voltage drop on saline is: 

                                                    𝑈𝑠(𝐼, 𝜌, 𝑡) =  𝐼𝑅𝑠(𝜌)                                         (13) 
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The electrical efficiency η(𝐼, 𝜌, 𝑡) for a constant current I is: 

η(I, 𝜌, 𝑡)=
𝑈𝑠(𝐼,𝜌 ,𝑡)

𝑈𝑎𝑝
=

𝑅𝑠(𝜌)

𝑍(𝐼,𝜌 ,𝑡)
                                        (14)  
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Fig. 6 ‒ The electrical efficiency as function of time. 

Eq. (14) shows how much of the applied voltage will spread in the 

tissue and eventually contribute to stimulation. Fig. 6 shows the electrical 

efficiency calculated for 1 mA and ρ = 7 Ωm. The line is for bipolar 

configuration and the circles for monopolar configuration. Electrical efficiency 

decreases as the time increases. The efficiency will decrease if other series 

resistances at the electrode-tissue interface are taken into account such as the 

encapsulation layer at the surface of the contacts or of the IPG. Finding 

solutions to decrease Rl, RF and Cdl seems reasonable in order to increase the 

electrical efficiency of the DBS electrode. 

4.3. Clinical Relevance of the Results 

 

Detailed characterization of the instantaneous impedance of the DBS 

electrode may facilitate the selection of better stimulation parameters reducing 

the occurrence of side-effects. Data reported for patients in literature are not 

correlated with the applied voltage, the current or time. As a safety feature, the 

programming device calculates the charge density based on a conservative 

impedance value of 500 Ω. A proper knowledge of injected current and/or 

injected charge density is important for a better understanding of the 

physiological effect of the electrical stimulation. 

The electrical (energy) efficiency of the electrode during the stimulation 

process can be calculated using Eq. (14). This will allow to find a better 

correlation between the voltage applied and the physiological response. 
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Knowing the GF and the tissue mean resistivity, the tissue resistance can be 

calculated using Eq. (8). For example, for white matter ρ = 7 Ωm (mean value) 

(Haueisen et al., 1997) and, consequently, using Eq. (8) the white matter 

resistance is 1209 Ω (bipolar configuration). It is significantly lower that the 

electrode impedance. This means that only a part of the voltage applied on the 

DBS electrode is applied on the nervous tissue and only this voltage is 

responsible for the physiological response.  

In the case of monopolar configuration the high resistivity materials at 

the connection between head and neck, neck and the connection between neck 

and chest are of particular importance. Simulations shows that only 50% of the 

electrical impedance between the active contact and the IPG placed in the chest 

is determined by the brain tissue contained in a cylinder around the active 

contact with a radius of 12 mm and a height of 1.5 mm, in good agreement with 

data in literature (Walckiers et al., 2010). In the case of monopolar stimulation, 

because the resistance is spread over a large volume, an increase of the 

electrical efficiency does not necessarily means an increase of the volume of the 

activated tissue. The activation of a neuron by an extracellular stimulation is 

linked to the value of the double spatial derivative of the electrical potential 

along the fiber direction (Rattay, 1989). It is known that the use of a IPG 

implanted in the chest as reference electrode leads to an increase of the 

electrode impedance (+48%) and a reduction of the area of activated tissue 

(−15%) (Rattay). It is obvious that the stimulated volume is almost double in 

the case of bipolar configuration when higher voltage drop is expected around 

the two active contacts. 

 

5. Conclusions 

 

An analytical equation is proposed for the Medtronic 3387 DBS 

electrode impedance as function of time, current and saline resistivity of similar 

values with those used for clinical applications. This equation should be used to 

calculate the parameters of interest, i.e., the necessary voltage to inject a certain 

current, the delivered charge or electrical efficiency, as function of time for 

specific experimental conditions. This may facilitate the selection of optimal 

stimulation parameters. An appropriate estimation of the voltage drop on the 

tissue or the delivered charge is essential in the effort to understand the neuro-

electric interface. At the same time a correct characterization of electrode 

impedance is important for a better electrode design. For the same applied 

current the electrical efficiency is little higher for monopolar configuration in 

respect with the values for bipolar configuration.  
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CARACTERIZAREA IMPEDANŢEI ELECTRODULUI PENTRU STIMULARE 

PROFUNDĂ ÎN CREIER: RĂSPUNSUL TRANZITORIU LA IMPULS 

 

(Rezumat) 

 

Scopul lucrării este de a prezenta o ecuaţie pentru impedanţa instantanee Z(t) a 

electrodului pentru cazul când este folosit cu impulsuri de curent similare ca valoare cu 

acelea folosite pentru aplicaţii clinice. Z(t) creşte cu creşterea timpului t, fiind 

proporţional cu t
0,9

 şi descreşte cu creşterea tensiunii U, cu creşterea curentului I şi 

scăderea rezistivităţii ρ. Propunem o ecuaţie pentru Z(t) pentru diferite valori ale lui I şi 

ρ (ZI,ρ(t)). Această ecuaţie este folosită pentru a calcula parametrii de interes pentru un 

anumit pacient, de exemplu, tensiunea necesară pentru a injecta un curent de o anumită 

valoare, sarcina injectată, randamentul electric al electrodului, etc. ca funcţie de timp 

pentru condiţii particulare date. Pentru o valoare dată a tensiunii aplicate, sarcina 

injectată şi randamentul electric sunt puţin mai mari pentru configuraţia monopolară în 

comparaţie cu valorile pentru configuraţia bipolară, iar diferenţa scade dacă ρ creşte. 
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Abstract. Two carbanion mono-substituted pyridazinium ylids were 

subjected to a quantum mechanical study based on Spartan’14 programs. 

Optimized geometry, energetic characteristics, dipole moment, polarizability and 

other properties were established by three methods offered by Spartan’14. The 

length of the covalent bonds, the charge distribution near molecular atoms 

resulted from PM3 method are also given in the article. 
 

Keywords: pyridazinium-p-nitro-phenacylid; (p-phenyl)-p-phenyl-pyridazinium-

p-nitro-phenacylid; quantum chemical analysis; Spartan’14. 

  

 
1. Introduction 

 

Pyridazinium ylids are cycloimmonium ylids having as cation one 

pyridazinium heterocycle (Zugrăvescu and Petrovanu, 1976; Dorohoi et al., 

1994). 
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The carbanion mono-substituted ylids possess one hydrogen atom and 

one atomic group as substituents at their carbanion (Petrovanu et al., 1993; 

Dorohoi and Holban, 1993; Mangalagiu et al., 2000). The stability of these 

ylids increases with the group electronegativity of the substituent attached to the 

negative carbanion. The carbanion mono-substituted pyridazinium ylids can be 

used as acid-basic indicators (Zugrăvescu and Petrovanu, 1976), or as 

precursors in chemical reactions for obtaining new heterocycle compounds 

(Dorohoi et al., 1997/1998; Mangalagiu et al., 1999; Dorohoi et al., 2002). 

Recently, they were tested as compounds with pharmacological action (Mantu 

et al., 2010; Mangalagiu et al., 1998).  

The aim of this paper is to achieve a quantum-chemical study of two 

carbanion mono-substituted pyridazinium ylids in order to establish the 

contribution of the heterocycle to the structure and molecular parameters of 

these ylids.  

The studied ylids are: 

‒ Pyridazinium p-nitro-phenacylid (molecule noted P1 – Fig. 1a); 

‒ (p-Phenyl) - (p phenyl) - pyridazinium p nitro phenacylid (molecule 

noted P2 – Fig. 1b). 
 

 
  

 

Fig. 1 – Skeletal formula and labeled atoms of: (a) P1 molecule   

and (b) P2 molecule. 

a b 
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2. Simulation Details 

 

The molecular modeling programs used was Spartan'14 (Spartan’14; 

Young, 2001). Spartan provides access to several common spectral properties, 

in particular infrared spectra, Raman spectra, NMR spectra and UV/visible 

spectra. Spartan provides a variety of graphical tools for interpreting the results 

of calculations, such as structure models, molecular orbitals, electron and spin 

densities, local ionization potentials and electrostatic potentials.  

Spartan accesses two different databases of information obtained from 

quantum chemical calculations on stable molecules: Spartan Molecular Database 

(SMD), containing structures, energies and limited atomic and molecular properties, 

and Spartan Spectra and Properties Database (SSPD), containing structures, 

energies and a more extensive selection of atomic and molecular properties.   

 

3. Computational Results 

 

The results of the quantum mechanical calculations performed based on 

Spartan’14 (Spartan’14) are discussed below.  

The optimized geometry given by Spartan’14 is illustrated in Fig. 2a 

and b for the two studied ylids. The dipole moment in the ground state of the 

studied molecules is oriented from the positive part of molecule towards its 

carbanion (Figs. 2a and b). From Fig. 2 it results that the ground state dipole 

moments of the isolated molecules under the study are oriented parallel to the 

ylid bond (N
+
-C

-
). 

 

  
 

Fig. 2 – The optimized geometry for: (a) P1 molecule and (b) P2 molecule.  

 
Some molecular parameters obtained in quantum-chemical analysis are 

listed in Table 1 for P1 molecule and in Table 2 for P2 molecule. The properties of 

the two molecules were calculated using three different methods offered by Spartan: 

Semi-empirical Models, Hartree-Fock Models and Density Functional Models.  

a b 
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Semi-empirical Models (Spartan’14) are the simplest methods based on 

quantum mechanics. They are applicable to molecules containing 100 - 200 

atoms. The PM3 model generally provides geometries in good accord with 

experimental structures. Semi-empirical models are available for the calculation 

of IR spectra but do not provide a very good account. They are not available for 

the calculation of Raman, NMR or UV/visible spectra. 

Hartree-Fock models (Spartan’14) result from the Schrödinger 

equation, by requiring that the electrons be independent particles. The motions 

of electrons in molecules (molecular orbitals) are approximated by a sum of the 

motions of electrons in atoms (atomic orbitals). Hartree-Fock models permit the 

calculation of IR, Raman, NMR and UV/visible spectra. 

Models that eliminate or reduce the Hartree-Fock approximation are 

named correlated models (Spartan’14). These divide into two broad categories: 

density functional models and wave function-based models. Density functional 

models explicitly introduce an approximate (“empirical”) correlation term (a 

functional). They are not much costlier in terms of computation time than 

Hartree-Fock models. Density functional models provide an excellent account 

of the equilibrium geometries of organic molecules. Density functional models 

are available for the calculation of IR, Raman, NMR and UV/visible spectra. 

 
Table 1 

Molecular Properties of P1, Using Spartan’14 Program  

Molecular 

properties 

Semi-empirical 

PM3 Method 

Hartree-Fock 

Method 

Density Functional 

Method 

Molecule 

Weight 243.222 amu 243.222 amu 243.222 amu 

Energy 225.94 kJ/mol -842.606588 au -851.917629 au 

Energy (aq) 196.15 kJ/mol -842.615526 au -851.925733 au 

Solvation E -29.79 kJ/mol -23.47 kJ/mol -21.28 kJ/mol 

Dipole Moment  7.55 debye  11.02 debye 8.90 debye  

E HOMO -8.81 eV -7.59 eV -5.63 eV 

E LUMO -1.47 eV 0.55 eV -2.78 eV 

Tautomers  0 0 0 

Conformers  4 4 4 

QSAR 

Area 254.59 Å
2
  248.62 Å

2
 250.54 Å

2
  

Volume 232.99 Å
3
  229.62 Å

3
  231.09 Å

3
   

PSA 61.719 Å
2
  60.440 Å

2
  60.672 Å

2
  

Ovality 1.39 1.37 1.38  

Polarizability 58.54  58.08  59.45  

HBD Count 0 0 0 

HBA Count 6 6 6 

Temperature 298.15 K 298.15 K 298.15 K  
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Some information such as area, volume, weight, numbers of tautomers 

and conformers, ovality, polarizability, hydrogen bond donor and hydrogen 

bond acceptor counts have appropriate values in the three methods (PM3, 

Hartree-Fock and Density Functional Method). The values obtained for 

energetic parameters in the three methods from Spartan ’14 are different. The 

differences are probably due to the approximations regarding the electron 

motions in molecule. Comparing the data from Tables 1 and 2, some difference 

between the parameters computed for the two studied ylids (in their gaseous 

phase) are evident: 

‒ The energetic values are higher for P2 than P1. 

‒ Area, volume, ovality are higher for P2 compared with P1. 

‒ The dipole moment and polarizability of P2 are also higher than P1. 

‒ The two molecules have the same number of tautomers, conformers, 

HBD and HBA counts. 

‒ The values of frontier HOMO and LUMO computed by semi 

empirical PM3 and Hartree-Fock methods are appropriate for the two studied 

ylids, while they substantially differ from those computed by Density 

Functional Method. 

 

Table 2 

Molecular Properties of P2, Using Spartan’14 Program  

Molecular 

properties 

Semi-empirical 

PM3 Method 

Hartree-Fock 

Method 

Density Functional 

Method 

Molecule 

Weight 395.418 amu 395.418 amu 395.418 amu 

Energy 435.85 kJ/mol -1299.15001 au -1313.67030 au 

Energy (aq) 402.60 kJ/mol  -1299.15880 au -1313.67915 au 

Solvation E -33.25 kJ/mol  -23.08 kJ/mol -23.24 kJ/mol 

Dipole Moment  8.28 debye  12.00 debye  10.06 debye  

E HOMO -8.72 eV -7.50 eV  -5.50 eV 

E LUMO -1.40 eV 0.64 eV  -2.69 eV 

Tautomers  0 0 0 

Conformers  4 4 4 

QSAR 

Area 408.28 Å
2
 415.79 Å

2
 410.05 Å

2
 

Volume 395.27 Å
3
 399.88 Å

3
  397.66 Å

3 
 

PSA 59.517 Å
2
 61.338 Å

2
 59.697 Å

2
 

Ovality 1.57  1.58  1.57  

Polarizability 71.52 72.09  72.97  

HBD Count 0 0 0 

HBA Count 6 6 6 

Temperature 298.15 K 298.15 K 298.15 K  
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Electrostatic charges for the two molecules, calculated by PM3 from 

Spartan program, are shown in Fig. 3a and b.  

Appropriate values for the charges near the atoms of the ylid bond 

(N
+
-C

-
) are given by PM3 from Spartan ’14 programs. 

 

    
 

Fig. 3 – Electrostatic Charge for: (a) P1 molecule and (b) P2 molecule.  

 

Spartan program can evaluate the lengths of chemical bonds between 

atoms of the molecule, angles between these bonds and dihedral angles. In 

Table 3 there are shown the lengths of chemical bonds for P1 molecule. Table 4 

shows, for example, the values calculated by Spartan for some angles between 

chemical bonds and respectively dihedral angles. The atoms of P1 molecule are 

labeled in Fig. 1. 

 
Table 3 

Lengths of Chemical Bonds for P1 Molecule  

Chemical 

bond 

Bond  

length 

(Å) 

Chemical 

bond 

 

Bond  

length 

(Å) 

Chemical 

bond 

Bond  

length 

(Å) 

Chemical 

bond 

Bond  

length 

(Å) 

C1-C3 1.393 C3-H5 1.094 C6-C7 1.495  C9-H7 1.097  

C3=C4  1.395 C4-H6 1.095 C7-C9 1.395 C12-H10 1.099  

C4-C2 1.384 C2-H4 1.121 C9=C12 1.390 C11-H9 1.099  

C2=N2 1.395 N2-C5 1.356 C12-C8 1.399 C10-H8 1.097  

N2-N1 1.356 C5-H2 1.100 C8=C11 1.400 C8-N3 1.498  

N1=C1 1.353 C5-C6 1.452 C11-C10 1.389 N3=O2 1.215  

C1-H1 1.096 C6=O1 1.230 C10=C7 1.395 N3=O3  1.215  

a 

b 
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Table 4 

The Measure of Some Angles and Dihedrals for P1 Molecule 

Angle/dihedral Measure  

Angle (C10, C11, C8) 119.92 ͦ 

Angle (C8, N3, O2) 119.42 ͦ 

Angle (O2, N3, O3) 121.14 ͦ 

Dihedral (C5, C6, C7, C10) 52.83 ͦ 

Dihedral (C11, C8, N3, O2) 1.45 ͦ 

Dihedral (N2, C5, C6, O1) -0.36 ͦ
 

Dihedral (C2, N2, C5, C6) 0.31 ͦ 

Dihedral (C5, C6, C7, C10) 52.83 ͦ 

Dihedral (O1,C6,C7,C9) 52.17 ͦ 

Dihedral (N1, N2, C5, H2) -0.34 ͦ 

 

As it results from Table 4, in the case of P1 molecule, the dihedral 

angles (N2, C5, C6, O1), (C2, N2, C5, C6) and (N1, N2, C5, H2) have values 

near zero degree (-0.36; 0.31 and -0.34, respectively) and, one can assume with 

enough precision that the covalent bonds C6O1, C5C6 and C5H2 belong to the 

heterocycle plane.  On the other hand, the values of the value of the dihedral 

angles: (O1, C6, C7, C9) and (C5, C6, C7, C10) are near 52 degrees, indicating 

a rotation of about 52 degrees of the p-nitro-benzoyl plane relative to the 

pyridazine plane.  

The values of the angles between the covalent bonds (C8, N3, O2) and 

(O2, N3, O3) and also the dihedral angle (C11, C8, N3, O2) from Table 4 indicate 

the co planarity of the benzoyl ring and the nitro group substituted in p- position. 
 

Table 5 

Lengths of Chemical Bonds for P2 Molecule  

Chemical 

bond 

Bond  

length 

(Å) 

Chemical 

bond 

 

Bond  

length 

(Å) 

Chemical 

bond 

Bond  

length 

(Å) 

Chemical 

bond 

Bond  

length 

(Å) 

C1-C3 1.401 C6=C9 1.398 C14=C11 1.397 C24-C20 1.400 

C3=C4  1.393 C9-C8 1.388 C13-H11 1.096 C20=C23 1.400 

C4-C2 1.384 C8-C5 1.399 C14-H12 1.096 C23-C22 1.389 

C2=N2 1.394 C7-H6 1.096 C15-H13 1.095 C22=C19 1.395 

N2-N1 1.351 C8-H7 1.097 C16-H14 1.095 C22-H16 1.097 

N1=C1 1.365 C9-H8 1.096 C12-H10 1.095 C21-H15 1.097 

C3-H4 1.095 C10-H9 1.097 N2-C17 1.358 C23-H17 1.099 

C4-H5 1.095 C6-C11 1.469 C17-H1 1.100 C24-H18 1.100 

C2-H3 1.121 C11-C13 1.397 C17-C18 1.451 C20-N3 1.498 

C1-C5 1.470 C13=C16 1.390 C18=O1 1.230 N3-O2 1.216 

C5-C7 1.397 C16-C12 1.391 C18-C19 1.496 N3-O3 1.215 

C7=C10 1.390 C12=C15 1.391 C19-C21 1.395   

C10-C6 1.397 C15-C14 1.390 C21=C24 1.390   
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The lengths of the chemical bonds and some of important angles and 

dihedral angles for the spatial orientation of the molecular skeleton of P2 

molecule are given in Tables 5 and 6. 

By comparing the data of Tables 3 and 5, it results appropriate values 

(1.356A in P1 and 1.358 in P2) for the length of the ylid bonds: (N2
+
-C

-
5) and 

(N2
+
-C17

-
). They are not influenced by the heterocycle substitution.  

The dihedral angles: (N1, N2, C17, H1), (C2, N2, C17, C18) and (N2, 

C17, C18, O1) having values of about -0.46, 0.41 and -0.21 degrees, 

respectively, demonstrate that the ylid bond (N2
+
-C17

-
) and the covalent bonds 

C17H1 and C18O1 lye in the heterocycle plane. The values of the dihedral 

angles (C17, C18, C19, C22) and (O1, C18, C19, C21) near 52 degrees, indicate 

a rotation of the p-nitro-benzoyl cycle with this degree around the ylid bond. 

The angles (C20, N3, O2) and (O2, N3, O3), appropriate to 120 degrees (Table 

6) demonstrate the sp
2 

hybridization of nitrogen atom in nitro group. The 

dihedral angle (C23, C20, N3, O2) measures about 4 degrees; it demonstrates a 

small rotation of the nitro group, relative to the benzoyl ring.  

The substituent of the phenyl to the pyridazinium heterocycle in p- 

position does not modify the relative position of the ylid carbanion to the 

pyridazinium cycle. This position is similar in both ylids P1 and P2. 

 
Table 6 

The Measure of Some Angles and Dihedrals for P2 Molecule 

Angle/dihedral Measure  

Angle (C22, C23, C20) 119.92 ͦ 

Angle (C20, N3, O2) 119.42 ͦ 

Angle (O2, N3, O3) 121.11 ͦ 

Dihedral (C17, C18, C19, C22)  52.93 ͦ 

Dihedral (C23, C20, N3, O2) -3.83 ͦ 

Dihedral (N1, N2, C17, H1) -0.46 ͦ 

Dihedral (C2, N2, C17, C18) 0.41 ͦ 

Dihedral (N2, C17, C18, O1) -0.21 ͦ 

Dihedral (O1, C18, C19, C21) 52.00 ͦ 

Dihedral (H7, C8, C5, C1) -0.76 ͦ 

Dihedral (N1, C1, C5, C7) -40.41 ͦ 

Dihedral (C9, C6, C11, C14) 47.37 ͦ 

Dihedral (C10, C6, C11, C13) 47.30 ͦ 

Dihedral (N1, C1, C11, C13) 6.86 ͦ 

 
The values of the dihedral angles (H7, C8, C5, C1), (N1, C1, C5, C7), 

(C9, C6, C11, C14) and (C10, C6, C11, C13) of about -0.76, -40.41, 47.37 and 

47.30, respectively, demonstrates that the first benzene cycle substituted in p-

position of pyridazinium ring. In the first benzene cycle from the pyridazine 

ring makes 40.41 degrees with the heterocycle. It results a reduced conjugation 
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between the heterocycle and this cycle. The angle between the second benzene 

cycle and the pyridazine ring is of about 6.86
0
. Between the two benzene cycles 

there is an angle of about 47.37
0
 as it results from Spartan’14 programs. This 

relative orientation of the molecular cycles in P2 explains the similitude in the 

carbanion orientation and in the HOMO and LUMO orbital in two studied ylids. 

 

  
 

Fig. 4 – The labeled atoms of P1 (a) and P2 (b) molecules. 

 
Spartan allows graphical display of the HOMO (highest-occupied 

molecular orbital) and LUMO (lowest-occupied molecular orbital) among other 

molecular orbitals, the electron density, and the spin density for molecules with 

unpaired electrons, the electrostatic potential, and the local ionization potential. 

The highest-energy occupied orbital (the HOMO) is most commonly assumed 

to be the relevant electron-donor orbital and the lowest-energy unoccupied 

orbital (the LUMO) is most commonly assumed to be the relevant electron-

acceptor orbital. HOMO and LUMO orbitals are shown in Fig. 5 for P1 

molecule and in Fig. 6 for P2 molecule, respectively. 

By comparing the corresponding HOMO and LUMO in Figs. 5 and 6 it 

results that the distribution of electron-acceptor and electron-donor orbital in 

pyridazine heterocycle and in carbanion are alike for the two molecules. The 

substituent (p-phenyl-p-phenyl) is not affected by ylid bond in P2.  

The concentration of electrons may be determined using X-ray 

diffraction. The highest concentrations are immediately surrounding the atoms. 

The electron density is a surface that contains most (>99%) of a molecule’s 

a b 
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electrons and that roughly corresponds to a space-filling model, that is, a van 

der Waals surface.  

The electrostatic potential map paints the value of the electrostatic 

potential onto an electron density surface. By convention, colors toward red 

depict negative potential, while colors toward blue depict positive potential, and 

colors in between (orange, yellow, and green) depict intermediate values of the 

potential. 

 

  
 

Fig. 5 – (a) HOMO and (b) LUMO surfaces for P1 molecule. 

 

  
 

Fig. 6 – (a) HOMO and (b) LUMO surfaces for P2 molecule. 

 
The local ionization potential map paints the value of the local 

ionization potential onto an electron density surface. By convention, colors 

toward red indicate low ionization potential, while colors toward blue indicate 

high ionization potential. 

The LUMO map paints the absolute value of the lowest-unoccupied 

molecular orbital (the LUMO) onto an electron density surface. By convention, 

colors near blue indicate high concentration of the LUMO, while colors near red 

indicate low concentration. A LUMO map indicates where nucleophilic attack 

a b 

a b 
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would likely occur. These surfaces are illustrated in Fig. 7 for P1 molecule and 

Fig. 8 for P2 molecule. 
 

    
 
Fig. 7 – (a) Density surface, (b) electrostatic potential map, (c) local ionization potential 

map and (d) |LUMO| map for P1 molecule. 

 

    
 

Fig. 8 – (a) Density surface, (b) electrostatic potential map, (c) local ionization potential 

map and (d) |LUMO| map for P2 molecule. 

 

3. Conclusions 

 

The three methods implemented in Spartan’14 give different values for 

energetic and electro-optical parameters of the two studied pyridazinium ylids, 

but indicate similar representation of HOMO and LUMO orbital’s, of the 

density surface electrostatic potential map and of the local ionization potential.  

The p-Phenyl-(p-phenyl) substituent to the pyridazine ring in P2 molecule 

is not affected by the ylid carbanion, due to the reduced conjugation between them.  

The length and the charge distribution on the ylid bond is not affected 

by the p-substitution at heterocycle. 
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STUDIUL COMPUTAȚIONAL A DOUĂ PIRIDAZINIUM ILIDE 

 CARBANION MONO-SUBSTITUITE 

 

(Rezumat) 

 

Două pyridazinium ilide carbanion mono-substituite au fost supuse unui studiu 

cuanto-mechanic utilizând programele din Sparta’14. A fost stabilită distribuția spațială 

a atomilor în geometria optimizată a celor două molecule. Trei metode oferite de 

Spartan’14 au fost utilizate pentru a stabili  caracteristicile  energetice și electro-optice 

ale celor două molecule.  Lungimile legăturilor covalente, orientarea lor spațială dată de 

valorile unghiurilor dintre legături și a unghiurilor diedre și distribuția de sarcină din 

vecinătatea atomilor moleculari sunt de asemenea date în acest articol.  
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Abstract. The paper presents the theoretical and experimental results 

regarding one of the ship’s physical fields: the magnetic signature and its 

interaction with the Earth’s magnetic field. The analytical modeling is based on a 

simplified model, valid at a certain distance from the ship hull, determined by the 

ship’s own disruptive field value and its temporal evolution caused by ship 

dynamics in the marine environment. The national theoretical and experimental 

research stage is presented, and compared to international research. There is 

described the simplified ellipsoidal shell model, and magnetic signature of an 

ellipsoidal ferromagnetic layer is computed. The theoretical results are compared 

to the measurements performed on a real ship modeled through the ellipsoidal 

shell, and the physical model of the same ship, obtained by applying similarity 

criteria. There is noticed a good correlation and concordance among magnetic 

field results obtained through theoretical and experimental models and real ship 

measurements. 
 

Keywords: ship magnetism; deperming; degaussing. 
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1. Introduction  

 

The naval magnetic signature represents the ship’s magnetic field 

distribution in the underwater environment, characterized by uniqueness and 

developed mainly by the Earth’s magnetic field acting upon the ship’s 

ferromagnetic hull. The ship magnetization can be produced during its 

construction and also during its exploitation.  

The ship magnetization during construction is called permanent 

magnetization, has relatively constant value, without reaching the saturation of 

the ferromagnetic masses, is stable in time, and is characteristic to each type of 

ship. The ship magnetization during exploitation is called induced 

magnetization, having a variable character, with the magnitude and direction 

depending also on the ship type. 

The permanent magnetism depends upon: 

‒ the ratio between the ship’s main dimensions; 

‒ the ship’s secondary ferromagnetic masses – their shape, placement, 

and ferromagnetic properties; 

‒ the ship berth orientation and the geographic latitude of the naval 

shipyard; 

‒ the ship construction technology. 

The induced magnetism depends upon: 

‒ the ratio between the ship’s main dimensions: length, width, draft; 

‒ the geographic latitude of the ship position; 

‒ the ship’s heading – its direction relative to the meridian; 

‒ the magnetic properties of the materials used in the ship’s hull and its 

secondary equipment, as well as their distribution along the ship.  

Knowing these two fields is important, being connected to danger level 

to which the ship is exposed during exploitation. For this purpose, the ship is 

subjected to diagnosis operations in specialized naval ranges, in order to 

determine the ship’s magnetic field components and for applying magnetic 

signature reduction techniques (Baltag 2003, Holmes 2006). 

The research of magnetic signature employs both experimental and 

theoretical methods: experimental techniques for the ship magnetic 

characterization in magnetic ranges or through physical models, and theoretical 

methods for modeling and virtual simulation. The magnetic signature modeling 

initially used simplified analytical models: the dipoles array, magnetic charges, 

and magnetic moments methods, along with the physical modeling of the ship at 

a small scale. Common current methods employ dedicated numerical models 

capable of generating a magnetic signature specific to each type of ship. 

Most methods use the finite element technique, due to its flexibility and 

adaptability to complex geometries of the naval architecture: FEMM, ANSYS, 

COMSOL, FLUX3D, etc. In order to minimize the surface ships and 

submarines vulnerability, there have been developed magnetometric techniques 
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for the control of magnetic fields generated by electromagnetic installations and 

systems onboard the ship, and for those related to static and dynamic signature 

characteristic to the ferromagnetic hull ship (Roșu, 2015). 

 

2. The Magnetic Field Mathematical Model   

 
According to the classical approach, the ship magnetic field is 

stationary, thus Maxwell’s equations are reduced to the magnetostatic form 

(Bansal, 2004): 

0 Hx                                               (1) 

0 B                                               (2) 

It is considered that the field sources are located on the hull or inside it, 

and there are not taken into count the circuits with circulating electric currents. 

The model closest to reality and the most convenient representation of 

the ship, is the ellipsoidal shell model (Aird, 2000), in which the ship is 

approximated by an ellipsoid body bounded inside and outside by two 

ellipsoidal surfaces, with the major axis along the ellipsoid’s symmetry axis, 

and minor axis perpendicular to it – as represented in Fig. 1. The ellipsoid is 

laying in magnetic field oriented at a particular angle to the ship’s major axis.  

 
Fig. 1 − The ship representation and its ellipsoidal shell model. 

 

 
Fig. 2 – The ellipsoidal shell magnetic field distribution, induced by an external field 

oriented parallel and perpendicular to the ellipsoid’s major axis, respectively.  
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The ship’s magnetic field is obtained from the magnetic potential 

gradient (Roșu, 2015), expressed in ellipsoidal coordinates: 
 

  

2 2

2 2 2 2 2 2

1 1 1 1 1 1

1 1c c c

     
      

        

      (3) 

 

Fig. 2 describes the magnetic field distribution below the ellipsoidal 

shell, for an external field of 32 A/m, in two situations. Based on the magnetic 

field representation, its gradient can be determined. A significantly higher 

induced magnetic field is obtained for the external field oriented along the 

major axis of the ellipsoid, as compared to the case of vertical external field, 

proving that the ellipsoidal geometry tends to magnetize on its major axis. 
 

3. The Physical Scale Model and Magnetic Signature Analysis 

 

Physical scale modeling of ships constitutes a less laborious and less 

expensive solution for the magnetic characterization of the ship. The study was 

conducted by respecting the geometrical and physical similarity criteria 

corrected by factors determined by the magnetic properties of the material used 

for the simulated ship. There was selected a particular ship for analysis, having 

the following characteristics: length L = 60 m, width B = 10 m, draft T = 3 m, 

height D = 5 m. The ship hull is built from high strength naval steel, of 12 mm 

thickness, relative magnetic permeability μ = 180, and electrical conductivity 

σ = 4.8 MS/m. The similarity criteria applied to the model refer to geometrical 

and physical similitude (Kunes, 2012). The geometrical similarity is ensured by 

following the hull geometry and maintaining constant ratio between the ship 

and the model main dimensions, according to: 

 

m
h

h

B

B

L

L

k

k 
'''

                                              (4) 

 

where h is the depth from the ship keel to the measurement plane, and m 

denotes the model scaling factor. The two criteria of physical similarity are 

(Constantinescu, 2010): 

T

Io
2

00
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                                               (5) 

To

0
2                                                (6) 

 

By neglecting the displacement currents, only the first similarity 

criterion should be ensured. Since the ship's own magnetic field varies slowly in 
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time, it is considered that the magnetic field variation has the same period T for 

both ship and model, and therefore neglected. 

Practically, there are two scales for modeling the ship: one scale for the 

main dimensions, and another for the sheet thickness. If the sheet thickness and 

the magnetic permeability of the physical scale model are denoted by d’ and μ’, 

respectively, then their product can be computed through: d’μ’
 
= dμ/m. The 

simultaneous fulfillment of two conditions needs to be taken into account, 

obtained from the first criterion and the condition of proportionality of the 

thickness and permeability product, thus producing the third similarity criteria: 

3
0

2
003  d                                               (7) 

This final similarity criterion refers to the proportionality of magnetic 

properties, main dimensions and sheet thickness of the ship and model, 

respectively (Roșu, 2014). 
 

4. Comparison of Models to the Real Ship Signature 

 
There was used for comparison a set of magnetic field measurements of 

the ship for which the scale model was built. The measurements recorded the 

vertical component of the magnetic signature, below the ship keel, at normal 

measurement depth, ranging from bow to stern, as represented in Fig. 3. 

Measurements performed on the vessel Bz_nava were then normalized to be 

compared with the vertical component values Bz_model, registered under the 

model keel. The scaling factor used for the ship model 1:100, was also 

employed for scaling the measurement depth. 

 

 
Fig. 3 – The magnetic signature vertical component of the model 

 and the ship, respectively. 
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There is noticed a high correlation between the values of the vertical 

magnetic signature of the physical model and that of the ship. Differences can 

be explained by the presence of installations and equipment generating 

magnetic field onboard the ship, which was not reproduced in the scale model. 
 

Table 1 

Comparison Between the Analytical Model Results - Signature Measurements 

Quantity Ellipsoidal shell model Real ship 

Main dimensions length: 2a0 = 74.4 m 

width: 2b0 = 12.4 m 

semi-height: b0 = 6.2 m 

L = 60 m, Width: l = 10 m 

T = 3 m, Depth: D = 5 m 

Measurement / 

Computation depth 

hcomputed = 6.2 m  

below ellipsoidal shell 

hmeasure = 7 m  

below ship keel 

External field Vertical field  

32 A/m ≈ 400 mOe 

(Fig. 2 and Fig. 4) 

Total geomagnetic field, with 

dominant vertical component  

32 A/m ≈ 400 mOe 

Measured / computed 

values 
Total magnetic field 

vertical component of the 

geomagnetic field (40000 nT), 

plus the ship permanent and 

induced magnetization 

Field values range 

(external field 

included) 

5.5 A/m … 120 A/m 42,435 nT … 50,439 nT 

 

In Table 1 there are shown for comparative purposes the analytically 

computed and the measured field values, below the longitudinal axis of the 

model, and the ship, respectively, at the specified depths.  

 
5. Conclusions 

 

This paper describes the theoretical and experimental research of the 

naval magnetic signature, performed by using an ellipsoidal shell model and a 

physical scale model of a particular ship. For the theoretical model of an 

ellipsoidal shell, there is computed the magnetization induced by an external 

field oriented parallel with and perpendicular to the main axis of the chosen 

ellipsoid, thus revealing the dominant effect of the field component oriented 

parallel to principal axis of the ellipsoid. For the experimental research, a 

physical model was built to a scale of 1:100, respecting the proportionality 

between the main dimensions. The data sets measured for both the actual ship 

and the physical model, presented different orders of magnitude, but in terms 

of shape, there appeared a high correlation between the two sets of 

measurements. 
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MODELAREA ANALITICĂ ȘI FIZICĂ A AMPRENTEI  

MAGNETICE NAVALE  

 

(Rezumat) 

 

Lucrarea prezintă rezultatele unui studiu teoretic și experimental privind unul 

din câmpurile fizice specifice navelor: câmpul magnetic al navei și interacțiunea navei 

cu câmpul magnetic terestru. În modelarea analitică se folosește un model simplificat, 

valabil la o distanță de interes față de corpul navei, interes determinat de valoarea 

câmpului propriu perturbator și evoluția sa temporală determinată de dinamica navei în 

mediul acvatic. Se prezintă stadiul cercetărilor teoretice și experimentale în plan intern, 

comparativ cu cele mondiale. Se prezintă modelul de înveliș elipsoidal simplificat al 

navei și se calculează amprenta magnetică pentru un model de strat feromagnetic 

elipsoidal. Se constată o bună corelare și concordanța rezultatelor obținute prin 

modelarea teoretică, experimentală și cele măsurate pe nava reală. 
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Abstract. A simulational analysis of a category of synthetic 

antiferromagnets (SAF) used in the spin valves for giant magnetoresistance 

(GMR) sensors was performed. Different structures of the stack of layers in the 

spin valve were considered in order to improve the strongly antiferromagnetic 

coupling between a pinned layer and a reference layer (Co hard magnetic alloys), 

across the spacer layer (Ru, Ta, Ti). Parametrical representations of the 

resistance-area product variation, ΔRA, and also of the areal storage density were 

given on graphs, using theoretical considerations and 3D structural simulations 

performed with the HFSS program. Internal phenomena were considered and 

also the influence of the external fields. A controlled structure can be obtained, 

our results indicating a GMR ratio of about 1.3...2.2%, respectively a variation of 

the resistance-area product of 0.4...16 mΩ·μm
2
, for an inter-layer thicknesses of 

1...1.2 nm, in an applied field of about 2...6 k Oe. Results are dependent of the 

stack structure, the role on each intermediate exchange layer being essential in 

the process of performances improving.  
 

Keywords: spin valve; giant magnetoresistence; resistance-area product 

variation; structural simulation; maxima; parametric analysis. 
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1. Introduction 

 

A simulational analysis of a category of synthetic antiferromagnets 

(SAF) used in the spin valves for GMR sensors was performed in this paper. 

Among the applications of the spin-valve structures, electric and 

electronic devices were manufactured, like: magnetic read heads, magnetic field 

sensors and GMR (giant magnetoresistance) isolators, microelectromechanical 

systems (MEMS) and other devices (Hartmann, 2013; Hirota et al., 2013). The 

magnetic field sensors represent a category of interest, being devices used to 

read data in hard disk drives, or like biosensors, etc. 

The layered structures of alternating ferromagnetic and non-magnetic 

conductive thin films present GMR effect for peculiar sets of materials in 

contact. If the nature and geometrical parameters of the layers are properly 

chosen, the quantum mechanical effect can be controlled and performances of 

the structures are satisfactory for different technical applications. These 

structures are also used for data storage in the magnetoresistive random-access 

memories and in the racetrack memories as read heads, as well.  

Due to the properties of these material structures, the areal storage 

densities were increased significantly by using the spin-valve read heads for 

receiving the information (the bits of data). These read heads replace 

successfully the thin film inductive heads, and ensure superior performances. In 

particular, the magnetoresistive ratio, ΔR/R, in the case of layered structures 

with tunneling effect can reach values of a few percents, having as 

consequences lower dimensions at device level and high storage density. 

 

2. Characterization of the Spin Valves 

 

Different structures of the stack of layers in the spin valve were 

considered in order to improve the strongly antiferromagnetic coupling between 

a pinned and a reference layer, across the spacer layer. Hard magnetic layers 

based on Co alloys have been analyzed, with a inter-layer of Ru, Ta, Ti and a 

non-magnetic spacer between the reference and free layers of Cu or alternative.  

A parallel sensing current flows in the plan of layers, parallel with the 

interfaces, in the Current-In-Plane (CIP) geometry. The current density is non-

uniform, in layers of different nature but with the same thickness being larger in 

the layer with lower resistivity (Hartmann, 2013). This is due to the fact that in 

these cases the free-paths, λ (the average distances along which an electron 

diffuses between scattering events) are different. 

In the considered GMR spin valve, the succession of layers can be 

described as follows, from above to bottom (Fig. 1):  

‒ the soft magnetic layer (free layer), material: Co2MnSi, Co2CuSn, 

Co2FeAl0.5Si0.5 (Heusler alloys), thickness: 5-10 nm, placed on top, presenting 

free oriented magnetization; 

https://en.wikipedia.org/wiki/Microelectromechanical_systems
https://en.wikipedia.org/wiki/Microelectromechanical_systems
https://en.wikipedia.org/wiki/Microelectromechanical_systems
https://en.wikipedia.org/wiki/Magnetic_field_sensors
https://en.wikipedia.org/wiki/Hard_disk_drive
https://en.wikipedia.org/wiki/Biosensor
https://en.wikipedia.org/wiki/Ferromagnetic
https://en.wikipedia.org/wiki/Magnetoresistive_random-access_memory
https://en.wikipedia.org/wiki/Magnetoresistive_random-access_memory


Bul. Inst. Polit. Iaşi, Vol. 62 (66), Nr. 4, 2016                                     45 

 

 

‒ the spacer, Cu alloy, + Pt (6-8%) or Ni (13-15%), thickness: 2-4 nm, 

non-magnetic, with role of exchange decoupler between the magnetic layers; 

‒ the reference layer, material: the same Heusler alloys, thickness: 12 - 

25 nm; 

‒ the inter-layer, Ru, Ta, Ti respectively, heavy metal, thickness: 1-2 

nm, where intense exchange interactions occurs; 

‒ the hard magnetic layer (pinned layer), the same Heusler alloys, 

thickness: 20-30 nm, placed on the bottom of the stack, presenting fixed 

magnetization; 

‒ the substrate, an oxide, MgO (001), NiO, is a pinning layer, 

antiferromagnetic, fixes the magnetization of the bottom hard magnetic layer 

and raises its coercivity. 

 

 
 

Fig. 1 − The layered structure of the GMR spin valve. The current flows in 

 the layer planes (CIP geometry). 

 

The theoretical support of the oscillatory antiferromagnetic coupling of 

the magnetic layers in the stack was considered the RKKY (Ruderman-Kittel-

Kasuya-Yosida) theory and the quantum well models. The intensity of the 

antiferromagnetic coupling depends strongly on the nonmagnetic spacer, the 

dependence being even periodical.    

The GMR ratio in the spin valve can be defined as (Hartmann, 2013): 
 

       
 











 




2

cos1
12

0

max

0



R

R

R

R
                                      (1) 

 

where θ1 and θ2 are the magnetization orientation angle of the pinned and free 

FM layers in the spin valve, respectively. 
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In contrast, the AMR ratio is (Park et al., 2011; Tang, 2007): 

                     






 2

0

max

0

cos





                                               (2) 

where θ = angle between the current and magnetization.  

For obtaining the results used for structure optimization, another 

formula has been applied for estimating the GMR of the considered spin valves, 

using the sensing current which transforms the change in resistance in a 

readback voltage, given by simulation: 

 

)0(

)0()(

R

RHR

R

dR 
                                               (3) 

 

where R(H) is the resistance of the sample in a magnetic field H, and R(0) is the 

resistance in null field.  

The specific resistance has been computed, AR = the product of the area 

A through which an assumed uniform CPP current flows and the sample 

resistance R. The difference between the anti-parallel and parallel states 

(magnetizations of adjacent ferromagnetic layers in the stack) leads us to the 

specific resistance variation: ΔAR = ARanti‖ – AR‖. 

Considering these formula, the CIP magnetoresistence ratio can be 

defined as: MRCIP = ΔAR/AR‖, respectively in percents (Yuasa and 

Djayaprawira, 2007):  

 

II
CIP

AR

AR
MR


[%]                                               (4) 

 

with the notations used above. 

 
3. Results for the Specific Resistance Variation 

 

 A parametrical representation of the resistance-area product variation, 

ΔRA, was given on graphs, using theoretical considerations and 3D structural 

simulations performed with the HFSS program. The simulation strategy was 

conceived considering in the first place the spin valve performances dependence 

on the properties of the hard magnetic alloy. Internal phenomena were 

considered and also the influence of the external fields.   

 A 3D simulational set up was realized in order to reproduce the stack of 

layers in the spin valve structure, focusing on the spin-orbit coupling modification, 

induced by geometrical parameters variation under the applied field. 
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 The GMR ratio in function of the spacer layer thickness correlated with 

the pinned layer thickness was calculated using the formula (3). In the same 

time, the ΔR/R evolutions in function of the average grain size in the 

ferromagnetic layer and the applied magnetic field have been also considered. 

 Our target was determination of the resistance-area product variation, 

ΔRA, for the considered read head spin valve in function of spacer thickness s, 

for different inter-layer thicknesses i. Results have been represented on the 

parametrical graphs in Fig. 2. 

 

 
 

Fig. 2 − Specific resistance variation in function of spacer thickness, for the considered 

combination of materials in the spin valve GMR sensors. The theoretical predicted 

values of the ΔRA maximum are indicated on graphs. 

 

 One observes a slow increasing and than a decreasing evolution of the 

ΔRA with s, with a wide maximum, which is more wide and flat then magnetic 

material magnetization is lower. When the s values corresponding to the 

maximum are transcended, greater the s, weaker the interlayer interactions and 

weaker the MR. In practice, this effect is more acute due also to the current 

shunting effects which occur when electrons preferentially flow through the 

thicker spacer instead of undergoing scattering at the magnetic layer/spacer 

interfaces (Hartmann, 2013; Covingtona et al., 2001).  

 Specific resistance variation presents a maximum determined by 

combined effects like the hysteresis phenomenon (the maximum magnitude 

depends on value of the hysteresis magnetization – field) and the defects at 
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interfaces level. The pinhole defects degrade significantly the MR due to the 

direct interactions between the magnetic layers, the effect which is also more 

acute in practice (Hirota et al., 2013).  

 In order to determine the performances of the considered spin valve 

GMR sensors, we have determined the variation of the resistance-area product 

(ΔRA, [mΩ·μm
2
]) of read head spin valve in function of spin diffusion length 

lsf, [nm], which is in our case of tens of nm order for the spin valves with 

Heusler alloys.  

 Variation of the resistance-area product (ΔRA, [mΩ·μm
2
]) of read head 

spin valves in function of reference layer thickness [nm] have also been 

determined considering the intense electron scattering phenomena occurring in 

this layer and the tunneling effects. 

 Using and combining the results, we have determined and represented 

on graphs (Fig. 3) the parametrical evolution of the areal storage density at spin 

valve level, for a continuous modification of the specific resistance variation, in 

the case of the considered hard magnetic materials (Heusler alloys) in the spin 

valve GMR sensors. 

 

 
 

Fig. 3 − Evolution of the areal density for a continuous modification of the specific 

resistance variation, for the considered hard magnetic materials in the spin valve GMR 

sensors. Structural, respectively interaction maxima of the ΔRA, present in different 

domains of the areal density values, are indicated on graphs. 

 

 Variations of the resistance-area product ΔRA, [mΩ·μm
2
] of a few units 

are characteristic for the considered hard magnetic materials in the read head spin 

valve, when the areal density evolves up to 300 Gbit/in
2
, respectively 500 Gbit/in

2
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for different alloy nature, as we have indicated on graphs. Evolutions for some 

specific sub-domains present maxima, which can be characterized like structural 

and interaction maxima.  

 The main structural maximum of the specific resistance variation, 

present on each graph, is imposed by the magnetic ion in the hard magnetic 

alloy of Heusler type. The maximum characteristics depend on the internal 

interactions in the exchange coupled system, hard - soft magnetic. If the alloy 

structure changes, the maximum shifts consistently and also its magnitude 

modifies.  

 For each type of magnetic material, interaction maxima occurs, 

generally less intense than the structural maximum. These maxima are present 

for materials with a common magnetic ion (Co in our case), and are controlled 

by other factors, like the resonant coupling phenomena between structure, 

external field Hext and the sensing current I. 

 The magnitude of the maxima is imposed finally on the spin current, the 

magnetization dynamics being determined by the torques moving the spins, 

torques generated by the exchange interaction between conduction electrons and 

domain wall magnetizations, under the Hext influence. Superior performances of 

the spin valve GMR sensors can be achieved by correlation of the magnetic 

material nature and geometrical parameters of the reference layer and inter-layer 

in the spin valve. 

 

4. Discussions and Conclusions 

 

A controlled structure of the spin valve can be obtained, using the 

parameters dependence determined by simulation. A lot of parameters 

characterizing the spin valve structure are implied, like magnetic and non-

magnetic materials nature, layer thicknesses, grain sizes in the magnetic alloys, 

spin diffusion length and defect rates, but not only. 

A discussion of the phenomena based on the simulation results can be 

opened. Among the conclusions, one can formulate the followings. 

The maxima of the specific resistance variation, ΔRA, depend on the 

hysteresis phenomenon inside the magnetic material and at structure level and 

also by the defects at interface level. 

The areal storage density evolves when ΔRA varies in the domain of 

interest corresponding to the superior values of the MR ratio obtained for the 

analyzed structures by parameters correlation. Structural and interaction 

maxima are present on graphs, which are function of the hard magnetic alloy 

nature and depend on the coupling between substance and field. 

Phenomenologically speaking, the maxima magnitude is dependent on the spin 

current flowing in the spin valve layers.  

The obtained results have indicated us a GMR ratio of about 1.3...2.2%, 

respectively a variation of the resistance-area product of 0.4...16 mΩ·μm
2
, with 
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maxima in the last third of the scale, for an inter-layer thicknesses of 1...1.2 nm, 

in an applied field of about 2...6 k Oe. The results are dependent of the stack 

structure in the spin valve, the role on each intermediate exchange layer being 

essential in the process of performances improving. 
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CONTROLUL PARAMETRILOR UNOR SENZORI GMR CU VALVE DE 

SPIN PE BAZĂ DE ANTIFEROMAGNEȚI SINTETICI 

 

(Rezumat) 

 

 A fost realizată o analiză simulațională a unei categorii particulare de 

antiferomagneți sintetici (AFS), utilizați la valvele de spin pentru senzorii GMR. Au 

fost considerate diferite structuri ale stivei de straturi în valva de spin, în scopul 

îmbunătățirii cuplajului antiferimagnetic puternic dintre stratul cu magnetizație fixată şi 

stratul de referință (fabricate din aliaje magnetice dure de Co de tip Heusler), prin 

intermediul unui strat subțire separator (Ru, Ta, Ti). Au fost redate grafic reprezentări 

parametrice ale variației produsului rezistență - arie, ΔRA, precum şi ale densității areale 

de stocare a biților, obținute pe baza considerațiilor teoretice şi a simulărilor structurale 

folosind programul HFSS (tehnologie Ansoft). În cadrul modelului de simulare au fost 

considerate fenomenele interne şi totodată influența câmpurilor externe. Se poate obține 

astfel o structură controlată, rezultatele noastre indicându-ne un raport MRG de circa 

1.3...2.2%, pentru grosimi ale stratului separator de 0.8...1.2 nm, pentru o valoare a 

câmpului aplicat de circa 6...8 k Oe. Rezultatele depind de structura stivei, rolul fiecărui 

strat intermediar la nivelul căruia se manifestă interacțiuni de schimb fiind esențial în 

procesul de îmbunătățire a performațelor structurii.  
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Abstract. In this paper, we analyze the phenomena that occur in a medium 

where the energy and information travels at the speed of mechanical waves. 

Disturbances are generated, evolves and propagates in the medium correlates 

with the acoustic waves (mechanical) having the maximum speed. The material 

environment and the disturbances that occur in it (waves, wave packets, bubbles, 

etc.) represents the acoustic world. We demonstrate that the wave has the 

equivalent mass. The equivalent mass of waves is linked to energy by an 

Einstein type relationship. Events in the acoustic world are linked by Lorentz 

type transformations. Studying the behavior of standing waves relative to an 

accelerated observer (Rindler observers) show that the equivalent mass of the 

wave is the inertial mass. For propagating waves, between linear momentum and 

generalized momentum (action variable) we find a de Broglie type relationship 

where the wave momentum is proportional to the wave number and the 

coefficient of proportionality is the action variable.  
 

Keywords: mechanical waves; Rindler observers; equivalent mass of 

waves; de Broglie relation.  
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1. Introduction 

 

For an electromagnetic universe, i.e. a universe those material systems 

and phenomena are correlated through electromagnetic waves and all events in 

different reference frames are linked by Lorentz transformations for inertial and 

by Rindler transformations for non-inertial systems. In the acoustic world, that 

universe where systems (waves, wave packets, bubbles, etc.) and mechanical 

phenomena are related by where events are linked by Lorentz type 

transformations for inertial and non-inertial systems Rindler type 

transformations. These transformations are obtained from the Lorentz and 

Rindler transformations replacing the speed of light c with speed of mechanical 

waves u . In the acoustic world, it was highlighted the existence of acoustic 

holes like black holes (gravitational and electromagnetic holes) (Unruh, 1995; 

Weinfurtner et al., 2013; Visser, 1998; Barceló et al., 2010; Barceló et al., 

2011; Nandi et al., 2004). Observers from acoustic world have senses which are 

based on the perception of mechanical waves (any form of mechanical 

perturbation) and instruments that detect and acquire all information through the 

same type of wave (Nandi et al., 2004). Their measurements for time and length 

(and other parameters) are linked by Lorentz type transformations where the 

maximum speed is the speed of acoustic waves. Applying these transformations 

to the of standing waves packet, that energy, mass, linear and generalized 

momentum undergo relativistic changes. 

In the second section, we calculate the energy of the wave that 

propagates in a fluid and the same calculations for standing wave. We calculate 

the macroscopic parameters of oscillators having a length equal to one half-

wave (tube closed at both ends) or quarter wavelength (tube closed at one end 

and open at the other). For these oscillators, can define and calculate when 

generalized momentum (action variable) corresponding to the oscillation 

energy. The same parameters are calculated based on the constituent particles 

(atoms, molecules) energy and action. 

In the third section, we express the energy as a function of the wave 

propagation speed. It highlights the existence of an equivalent mass of wave and 

Einstein type relation between energy and the mass. Also, the linear momentum 

of the wave (for wave that propagates) is defined. Between this linear 

momentum and generalized momentum (action variable) exist a de Broglie type 

relationship that is, the wave’s momentum is proportional to the wave number, 

the coefficient of proportionality is the action variable. 

The fourth section we study how to transform energy, mass, linear 

momentum and action variable of standing waves relative to an inertial observer and 

relative to a non-inertial observer. We highlight a rest mass and rest energy also a 

relativistic mass and energy (in inertial motion). Using Rindler type transformations, 

we show that the macroscopic oscillators equivalent mass is the inertial mass. 

The fifth section the conclusions are presented. 
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2. Mechanical Waves 
 

2.1. The Standing Wave in Gas 

 

Consider a gas found in an tube-form enclosure with section x yS l l  

and length much greater than the transverse dimensions ,z x yl l l . The gas has 

the following properties: temperature T, pressure 0p , density 0  and mass

0 xy zm S l  . From a microscopic point of view, the gas is constituted of 

particles (atoms, molecules, etc.) with the mass am and density of the particles 

0n  so the density is givenby 0 0 an m . 

The speed of propagation of mechanical waves in fluid is (Landau and 

Lifchitz, 1971, Ch. 8): 

 
S

p
u

 
  

 
 (1) 

For a gas, the wave propagation is an adiabatic process (constant 

entropy S ) and  
S

p   can be expressed by adiabatic coefficient according 

to relationship 
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For a perfect gas, the speed becomes: 
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. (3) 

 

If the tube is closed at both ends, there is created a longitudinal standing 

wave. The allowed modes are given by the expression of wave number 

(provided that the length of the rod to be equal to an integer of half-wavelength 

2; 1,2,3,......zl j j  ) 
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From the definition of the wave phase velocity 
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results the expression of angular frequency for mode j
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is the minimum angular frequency corresponding mode 1j  . 

The quantity 

 max

z

u u

l a
 
 

  (8) 

is the maximum angular frequency corresponding mode zj N . In relations (7) 

and (8), the quantity a  

 3a n . (9) 
 

is the average distance between gas particles at pressure 0p . 

To the angular frequencies given by (7) and (8) correspond to the 

wavelength of maximum 

 max 2 zl  (10) 
 

and the minimum wavelength 

 min 2a . (11) 
 

For a tube closed at one end, the length of the macroscopic oscillator is 

4 because the modes are  2 1 4; 0,1,2,3,...zl j j   . 

 
2.2. The Energy of Oscillation of the Standing Wave 

 
For a longitudinal standing wave (Butikov, 2013), each element of 

length dz and mass dm Sdz  executes an oscillatory movement and has kinetic 

energy (   0, sin( )sin( )s sz szz t q q kz t    ) 
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and the potential energy 
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In the above relations, szq is instantaneous amplitude and 0szq  is 

maximum amplitude. 

The total energy is 
 

 2 2 2 2 2 2
0

1
sin ( )cos ( ) cos ( )sin ( )

2
k p szdE dE dE dmq kz t kz t        . (13) 

 

With (13), the oscillation energy of the gas in the tube is 
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For mode j , with 2j zl j , the gas energy in the tube in standing 

wave mode is 
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with 2j
N the number of microscopic/atomic oscillators from a portion of the 

tube with length equal to a half-wave 
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and 
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4
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the energy of a microscopic (atomic) oscillator. 

Because the wavelength can be expressed by the speed of propagation 

u  and pulsation j  
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, (18) 

results, replacing in Eq. (15), the energy of the gas, as a macroscopic oscillator, 

is proportional to the angular frequency 
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From analytical mechanics (Fasano and Marmi, 2006, p. 431) the 

energy of the oscillator using harmonic coordinates (the action-angle variables) 

has the expression (19) where 
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it is generalized momentum (the canonical action variable) and 
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is the macroscopic oscillator energy corresponding to a half-wavelength. 

In Eq. (20), the parameter 
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4
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is the generalized momentum (the canonical action variable) for microscopic 

(atomic) oscillator energy is given by (17). 

For a given material, the oscillator energy and generalized momentum 

have the lowest value for thermal oscillations in solids, and thermal motion in 

fluids at temperature 0KT  . 

The perturbations (the waves and waves packets formed through 

interference-diffraction) in this environment, an "acoustic world", are correlated 

with the maximum speed, the speed of waves in the environment. Oscillations 

produced in this material overlap these perturbations and thermal movements. 

In this world, the group velocity of the perturbations (the speed with which 

propagates the amplitudes) is less (or equal) than the speed of waves, 

g u   . It follows that the lowest values of generalized minJ momentum and 

energy minE  

 2
min 0

1

2
aT a zT TJ J m q   , (23) 

 2 2
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1

2
aT a zT TE E m q    (24) 

 

correspond to thermal oscillations for microscopic oscillators. 

 
2.3. The Oscillation Energy of the Bar in Presence of a Wave 

 

For a wave with frequency   and the maximum amplitude 0zq ,

   0, sinz zz t q q t kz    , which propagates in the gas founded in a tube 

(the tube has zl   ), the tube can be considered as a system of oscillators of 

length 2 . Using the same relations (12) and (13) for kinetic, potential and 

total energy of a half-wave is 
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and generalized momentum (the canonical action variable) is 
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 . (26a) 

or 

 
2 2

2 02 zJ Sq u   . (26b) 
 

The energy and the generalized momentum can be expressed as 

function of microscopic quantities: mass of atoms am and density n  
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with 2N - the number of atoms in the volume 2V S  , 

 2 2
0 2a a z aE m q J   - the energy, 

 
2 2
0 02a a z a zJ m q m q u    - the 

generalized momentum for microscopic/atomic oscillator given by the relations 

(17) and (22). 

 
3. The Equivalent Mass of the Wave 

 

3.1. The Mechanical Wave Mass 

 

The macroscopic oscillator energy given by (25) can be expressed in 

terms of the velocity, considering the relation (5) 
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Introducing the notion of equivalent mass for a macroscopic oscillator 

corresponding to a half-wavelength 
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with  2 / 2m S    the mass of macroscopic oscillator’s substance (gas), we 

can write an Einstein type expression for energy (Feynman et al., 1964, Ch. 

15.9) 

 
2
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The linear momentum along the Oz  direction corresponding to 

macroscopic oscillator, is 

 , 2 , 2z up m u  . (32) 

We can define also a linear momentum for wave, that is the root mean 

square of internal oscillation momentum (averaged over time and space) of 

atomic oscillators (usually, microscopic oscillators). From the momentum of an 

atomic oscillator 
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  , (33) 

the root mean square atomic momentum is 
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The internal macroscopic momentum is the total momentum 

corresponding to the oscillators from a half-wavelength 
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and it is much higher than the wave momentum (32), for 0zq . 

The ratio of the linear momentum of the oscillator (32) and action (26) 

is 
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a relationship between momentum and wave vector analogous to the photon 

(Bransden and Joachain, 1989, Ch. 1.3). 

 
3.2. The Mass of Standing Wave 

 

The 
thj  harmonics of standing wave in the gas-filled tube isa 

macroscopic oscillator corresponding to this tube is consisting of j  half-

wavelengthmacroscopic oscillators have, according to the relations (21) and 

(31), the energy 
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The equivalent mass, corresponding to this oscillator is 
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Linear momentum along Oz  direction and the total mean momentum 

are null. 

For the standing wave, we can define an internal linear momentum as 

root mean square momentum (averaged over time and space) of atomic 

oscillators (usually, microscopic oscillators). The momentum of an atomic 

oscillator in the standing wave is 
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Root mean square atomic momentum averaged in space and time is 
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The internal macroscopic momentum is the corresponding total 

momentum of oscillators from a half-wavelength 
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This momentum is different from expression (35) by the amplitude 

value ( 0 0szj zq q , for the standing wave with wavelength j  amplitudes are 

related by 0 02szj zjq q ) of the wavelength j   . 

 

4. The Inertial Mass of Wave 
 

4.1. The Standing Wave Relative to an Inertial Reference System 

 

For an observer moving with constant velocity , the standing wave 

(   0, sin( )sin( )s sz szz t q q kz t    ) is an amplitude modulated waveform 

(Elbaz, 1986; Kracklauer, 1999) 
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The wave is characterized by: angular frequency 
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the wave vector 
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and the phase velocity 
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The wave amplitude is modulated by: modulation frequency 
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the wave vector 
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and group velocity equal to the speed of the observer 
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The amplitude of oscillation is modulated ( modq   0 0sinsz uq k z t     ) 

and the corresponding wavelength is 
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The relationships above are obtained using Lorentz transformations and 

Doppler displacement relations, replace the mechanical speed of light c with the 

mechanical wave propagation velocity u . 

 
4.2. The Waves Relative to a Non-Inertial Referential System 

 

To deduce the physical significance of the equivalent mass for wave 

given by Eq. (29), we deduce the expression of wave energy and mass relative 

to anaccelerated system. 

Consider an accelerated reference frame  , , ,S x y z t     characterized by 

acceleration vector  0,0, za a a


relative to an inertial reference frame. The 

relations between z , t and proper time  , relative to the reference frame 

instantly found the rest of the accelerated observer, Rindler observer (Rindler, 

2006; Alsing and Milonni, 2004) 
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Relative to the reference frame being in instantly rest of the observer 

(the instantaneous rest frame of the observer) angular frequency  has the 

expression: 
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for waves that propagate towards the observer acceleration  
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a

k
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    (50b) 

and for waves that propagate in the opposite direction of acceleration observer. 

To deduce the half-wavelength energy corresponding to a wave 

(Eq. (25)) relative to the Rindler observers consider that the generalized 

impulse is Lorentz invariant 

 2 2J J   . (51) 

In those conditions, the expression of energy (25) transform same as 

pulsation (50) 
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Substituting (50) in the expression (52) gives 
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The corresponding power relative to Rindler observer is 
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From the Eq. (54), results 
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Substituting in (55), the expression of equivalent mass of the wave, 

according to the Eq. (30), gives 
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From Eq. (56), results that the inertial mass relative to the Rindler 

observer is dependent on proper time  
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 . (57) 

and  , 2 , 2 0u um m a   , the inertial mass of the wave relative to the un 

accelerated observer  , , ,S x y z t , is the equivalent mass of the wave. It is 

observed that the equivalent mass wave has the same transformation 

expressions as energy and angular frequency. 

 
5. Conclusions 

 

The energy carried by a mechanical wave depending on the speed of 

propagation highlights the existence of an equivalent mass of wave. The two 

quantities are linked by an Einstein type relation. This mass is analogous with 

the mass of electromagnetic wave. The mechanical wave has also a linear 

momentum and an action which are connected by an analogous relation to the 

momentum and the wavelength of photon. 

The standing wave is characterized by an energy and an equivalent rest 

mass connected by an Einstein type relation. 

Relative to a moving observer the standing wave is a wave that carries 

energy with transport speed of reference frame in the opposite direction of 

movement. The relations between the quantities of the standing wave and 

progressive wave are Lorentz type transformations, the speed of light is 

replaced with the mechanical wave propagation speed in the medium. The 

relationship between energy and equivalent mass of progressive wave is 

Einstein type. The action corresponding to the standing wave has the same 

expression as progressive wave, i.e. it is invariant under Lorentz type 

transformations. The progressive wave momentum defined as the equivalent 

mass multiplied by the propagation velocity has a de Broglie type relation with 

invariant action. 

Studying the behavior of standing wave compared with an accelerated 

reference frame (Rindler transformations), demonstrate that the equivalent mass 

of the wave is an inertial mass (a measure of mechanical inertia of system). 
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A substantial medium where propagates mechanical disturbances is an 

acoustic universe and the maximum energy and information propagation speed 

is the mechanical waves speed in undisturbed environment. All the phenomena 

that take place in this acoustics world are causally correlated with the same 

speed. The coordinate and time transformations between two coordinate frames 

are Lorentz type transformation. The results of this paper are developed in the 

papers (Simaciu et al., 2015; Simaciu et al., 2016). 
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LUMEA ACUSTICĂ: INERȚIA MECANICĂ A UNDELOR 

 

(Rezumat) 

 

În această lucrare analizăm fenomenele care se produc într-un mediu material 

în care energia și informația se propagă cu viteza undelor mecanice. Perturbațiile care se 

generează și evoluează/propagă în mediu se corelează prin intermediul undelor acustice 

(mecanice) care au viteza maximă. Mediu material și perturbațiile care se produc în el 

(unde, pachete de unde, bule, etc.) formează lumea acustică. Noi demonstrăm că unda 

are masă echivalentă. Masa echivalentă este legată de energia undei printr-o relație de 

tip Einstein. Evenimentele din lumea acustică sunt legate prin transformări de tip 

Lorentz. Studiind comportarea unei unde staționare în raport cu un observator accelerat 

(observatorul Rindler), demonstrăm că masa echivalentă a undei este masa inerțială. 

Pentru unda care se propagă, între impulsul liniar și impulsul generalizat (action 

variable) există o relație de tip de Broglie adică impulsul undei este proporțional cu 

numărul de undă al undei, coeficientul de proporționalitate fiind acțiunea. 
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Abstract. The study presents a way to simulate certain physical 

phenomena, such as the composition of linearly harmonic oscillations or the 

polarization state of radiation, within Microsoft Excel. Those simulations aid the 

students to familiarize themselves with the graphical representation of the 

movement laws of a linear harmonic oscillator. Additionally, they can help in the 

study of special cases of coupling two linearly harmonic, either parallel or 

perpendicular, oscillations and in the understanding of ways to obtain different 

states of light polarization through the composition  of several, conveniently out 

of phase, linearly polarized radiations. 
 

Keywords: composition; oscillation; harmonic; light; polarization. 

 

 

1. Introduction 

 
“The Composition of Linearly Harmonic Oscillations” application 

window uses input data: 

• Oscillations amplitude (A1, A2 in mm); 

• Initial phases of the oscillations (in degrees); 

• Oscillations period or pulse. 

                                                 
Corresponding author; e-mail: ecaterinaangheluta@yahoo.com 
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Output data: 

• Graphical representation of the oscillations y1(t), y2(t) and yrez 

(equation of the resulting oscillation);  

• Amplitude, oscillations phase offset, initial phase of the resulting 

oscillation. 

 

2. Composition of Two Linearly Harmonic, Parallel 

Oscillations with Equal Frequencies 

 

The application window allows for the study of composing two linearly 

harmonic, parallel oscillations with equal frequencies (Popescu et al., 2006), for 

highlighting the special cases involving in-phase oscillations (Fig. 1a) with 

maximal value for the resulting amplitude, antiphase oscillations (Fig. 1b), with 

minimal value for the resulting amplitude, and the case of quadrature oscillations. 

One can independently modify the values for oscillation amplitude and 

initial phase. Expressing the initial phase in degrees was preferred in order to 

be more suggestive for students and because was chosen a value of 1 degree 

for each incremental variation of the initial phase. 
 

 
a 

 
b 

Fig. 1 ‒ a) Combining two linearly harmonic, in-phase, parallel oscillations with 

 equal frequencies, b) Combining two linearly harmonic, parallel, 

 antiphase oscillations with equal frequencies. 
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3. Composition of Two Harmonic Oscillations of Different 

 Frequencies Highlighting the Beat Phenomenon 

 

Two linearly harmonic oscillations with the same amplitude and initial 

phase were graphically represented (Fig. 2). The periods and, consequently, the 

pulse of the oscillations can be modified. In the case of oscillations with the 

same pulse, we encounter the previous situation. 

The students can now understand that the amplitude of the resulting 

oscillation is variable. The period increases with the decreasing of the difference 

between the pulse of the components. The resulting oscillation has a pulse equal 

to the mean of the two pulse values and a period much smaller than the one 

characterizing the variation in amplitude. One can now observe how the 

difference between the two pulse values can influence the aspect of the resulting 

oscillation. 

 

 

Fig. 2 ‒ Combining two oscillations with different yet close pulse 

 values – Highlighting the beat phenomenon. 

 
4. Superposition of Perpendicular Harmonic Oscillations 

(the Lissajous Figures) 

 

In this section two perpendicular oscillations, with modifiable amplitude 

and initial phase, were combined (Fig. 3). Additionally, the pulse values for 

these oscillations are not equal, being characterized by a proportionality 

relationship “n”, where “n” can be either integral or fractional. The curves 

resulting from this situation are called the Lissajous figures. In Fig. 3, the 

trajectories corresponding to a few values for the proportionality relationship “n” 

were represented (n = 1, n = 2, n = 6). 
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Fig. 3 ‒ Combining two perpendicular oscillations (the Lissajous curves). 

 
5. Application Description “Modelling the State 

 of Polarization of Light” 

  
The previous application allows for the modelling of the states of 

polarization of light, seenas a result of the composition of two perpendicular 

oscillations with equal pulse. 
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This approach is justified when the polarization of the light obtained 

through birefringence (Bruhat, 1965; Kužel, 2000/2001) consisting in the 

production of two refracted rays for each incident ray on an anisotropic crystal.  

The two rays are polarized in perpendicular planes: in the ordinary ray, 

the oscillations of the electric field intensity occur perpendicularly to the main 

plane, while in the case of the extraordinary ray, the oscillations occur in a plane 

parallel to the main section one, as determined by the incident ray and the 

direction of the optic axis. 

Should the propagation direction of the two rays be the optic axis, the 

two will have identical speed values, otherwise, the speeds differ. Due to the 

different speeds of propagation, a phase offset occurs between the two rays 

causing a change in the state of polarization for the radiation passing through a 

layer of anisotropic substance. 

We will consider that the elliptical polarization corresponds to the 

general state of total polarized light. Depending on the values of the phase offset 

δ, the states of polarization for totally polarized radiations can be obtained as 

special cases of elliptical polarization (Table1). 
 

Table 1   

Polarization States of Electromagnetic Radiations in 

 Relation with the Phase Offset Value 

Nr.crt. Phase offset value State of polarization 

1.  mxy   , m = 0, 1, … Linear 

2. 
xy   = ± π/2 

E0y = E0x 
Circular 

3. 

),0(    Right elliptical 

)2,(    Left elliptical 

2/   

Elliptical 

the axes of the ellipse coincide with 

the Ox and Oy axes. 

 

The states of polarization can be represented with the help of the Stokes 

parameters (Guenther, 1990). In the ideal case of a plane, fully polarized, 

monochromatic wave, the matrix of the normalized Stokes parameters can be 

expressed in relation to ψ (tg ψ = E0x/E0y, where E0x and E0y are the electric field 

intensity amplitudes for the two perpendicular oscillations) and  according to Eq. (1). 
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 For a linearly polarized, incident radiation that propagates perpendicularly 

to the optic axis of an anisotropic uniaxial medium, an Excel application was 

developed to allow for the modification of the phase offset between the ordinary 

and the extraordinary rays and also, to obtain the different states of polarization 

for the emerging radiation. 

In order to modify the phase, offset values of the two oscillations an 

increment/decrement button type form controller was added. In the application 

window the electric field intensity oscillations on the two perpendicular axes Ox 

and Oy (the directions of the neutral lines of the anisotropic medium) and the 

shape of the oscillation resulting from the combination of the two, were 

illustrated (Figs. 5-7). 

The application also allows for the determination of the Stokes vectors 

for each state of polarization. The vector elements can be placed with the 

desired precision. 

 

 
Fig. 4 ‒ Linearly polarized radiation orientated at a 45° angle 

 in relation with the XOY coordinate system. 

 

 
 

Fig. 5 ‒ Circularly polarized right radiation. 
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Fig. 6 ‒ Linearly polarized radiation with modified azimuth. 

 

6. Conclusions 

 

Simulating and modelling physics phenomena, that are difficult to 

recreate in the school laboratory, with the help of computer software helps the 

students to better understand and broaden their knowledge of the phenomena 

while transforming the computer into a virtual lab. 
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SIMULAREA UNOR FENOMENE FIZICE CU AJUTORUL APLICAŢIEI 

MICROSOFT EXCEL 

 

(Rezumat) 

Studiul prezintă modul în care pot fi simulate unele fenomene fizice, precum 

compunerea oscilaţiilor liniar armonice sau starea de polarizare a radiaţiilor, în aplicaţia 

Microsoft Excel. Simulările îi ajută pe elevi: să se familiarizeze cu interpretarea grafică 

a legilor de mişcare pentru un oscillator liniar armonic, să studieze cazuri de interes 

pentru compunerea a două oscilaţii liniar armonice paralele sau perpendicular şi să 

înţeleagă cum se pot obţine diferite stări de polarizare a luminii prin compunerea unor 

radiaţii liniar polarizate defazate convenabil.  
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Abstract. In this article we demonstrate the link between fractal features 

and nediferentiabilitate. 
 

Keywords: Non-standard model of arithmetic; representation theory. 
  
 

1. Introduction 
 
In 1821 Cauchy defines the infinitesimals as follows, I quote in French: 

“On dit qu’une quantité variable deviant infiniment petite, lorsque sa valeur 
numérique décroit indéfiniment de manière à converger vers la limite zéro” 
(Cauchy, 1821, p. 29). It is good to note that there is a difference between the 
concepts of constant decline and fall unlimited. Thus, a variable admitting that 
successive terms from the following string (Cauchy, 1821): 
 

2 3 4 5 6
1 2 3 4 5

, , , , ,   (1) 
 
extended indefinitely, steadily decreases, but not unlimited, because successive 
values converge to limit 1. On the other hand, a variable admitting that 
successive terms from the following string (Cauchy, 1821): 
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1 1 1 1 1 1
4 3 6 5 8 7

, , , , , ,                                        (2) 

 
extended indefinitely, steadily decreases, because the difference between two 
consecutive terms of this sequence is, alternative, positive and negative; 
however, the variable decreases unlimited because its values could be made 
smaller than any given number.  

 
2. Are the Infinitesimals Real Numbers? 

 
The Cauchy's definition of infinitesimals is an intuitive one. Hilbert, in 

his formal approach to mathematics, is not interested in the question “what are 
certain structures?” but “what are these properties and what can be deduced 
from these properties”. Thus, a more accurate definition of the infinitesimals 
would be: an infinitesimal ε is an element of an ordered field K, nonzero, which 
has the property: 
 

r rε− < <                                                (3) 
 
whatever positive real number r. It is essential now to mention that any nonzero 
real number does not check the Eq. (3), so an infinitesimal is not a real number. 
So, the field should be viewed as an extension of the field   of the orderly real 
numbers. This field we call of hyper-real numbers, and we will note it by ∗

 . It 
is demonstrated (Robinson, 1996) that a finite number k can be put in the form 
c ε+  , where c is a real number, and ε is either zero or an infinitesimal. The real 
number c is called the standard part of the finite number k, which is written as: 
 

[ ]c st k=                                                  (4) 
 
We have been encountered such situations in mathematics. The 

irrational numbers were introduced in order to solve certain equations. The 
complex numbers were created by insertion of the ideal item 1−  . The novelty 
of the situation with which we are dealing was noted in by Felix Klein. He 
remarks in Volume 1 of his book (Klein, 1932) that we are dealing with two 
theories of continuum: 

• continuum A (A from Archimedes), illustrated mathematically by the 
set of real numbers. 

• continuum B (B from Bernoulli), mathematical exemplified by what 
Robinson called hyperreal numbers. A possible explanation for the relationship 
between the two continuums follows. All values from continuum A are 
(theoretically) possible to be results of measurements. Continuum B has values 
like x dx+  that can never be the reading of measurements. 
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3. Does it can be Defined the Derivative without 
 Using the Limit? 

 
Leibniz's definition of differential quotient, y x∆ ∆ , whose logic 

weakness was criticized by Berkeley, it was amended by Robinson using 
standard application part, denoted by “st”, defined on the continuum B with 
values in continuum A. With ( )f x  a function which has values in ∗  and 

0< <a x b , where 0 ∈x , we say that it is differentiable of order 1 if and only 
if there is a standard real number c for which: 
 

( ) ( ) ( )0 0f x f x c x x c− − = ε                                 (5) 
 

For any 0≠x x  from the monad of 0x (Robinson, 1996). The standard 

real number c is named, in this case, the derivative of order 1 of ( )f x , in 0x  

and is denoted by ( ) ( )1
0f x  or ( )0′f x . So, the derivative can be defined using 

the standard part function: 
 

( ) ( ) ( ) ( )1 0 0
0

f x f x
f x st

+ ε − 
=  ε 

                             (6) 

 
where all infinitesimals ε  are of order 1 (Robinson, 1996). 
 

4. Conclusions 
 

If expression (6) is constant and independent ofε , f is a differentiable 
function. But if it is not, Eq. (6) is dependent of infinitesimals ε , which 
demonstrate that, geometrically,  the recommended choice to deal with is a 
fractal function, ( ),F x ε , which depends on ε , but which converge to ( )f x  
when 0ε → . 
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ANALIZA NON-STANDARD ȘI NE-DIFERENȚIABILITATE 

 
(Rezumat) 

 
În acest articol demonstrăm legătura dintre funcțiile fractale și 

nediferențiabilitate. 
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